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New Two-Equation Eddy Viscosity Transport Model
for Turbulent Flow Computation

Shia-Hui Peng* and Lars Davidson'
Chalmers University of Technology, 412 96 Gothenburg, Sweden

A two-equation turbulence model is proposed in which the turbulent eddy viscosity is not constructed from
scale-determining quantities but rather is calculated from a transport equation. To close the equation system
while not involving a length scale as in some one-equation models, the turbulent kinetic energy is also solved as
a supplemental quantity. The eddy viscosity transport equation is modeled on the basis of an exact form derived
from the exact k and ¢ equations. The model allows integration over the near-wall region, requiring neither wall
functions as a bridge nor wall distance parameters in the model coefficients. In contrast to the conventional k-¢
model, moreover, natural boundary conditions can be used at the wall for the turbulent transport quantities. It is
numerically convenient to use the model for computing complex turbulent flows. The model is validated against
several flow cases, yielding predictions in good agreement with experimental and direct numerical simulation data.

Nomenclature
C = model constant with various subscripts
Cy = skin-friction coefficient
Su = damping function
H = height of the computational domain
h = height of the hill or the step
k = turbulentkinetic energy
Re = Reynolds number based on freestream velocity
Re.  =Reynolds number based on friction velocity
R, = turbulent Reynolds number, ¥,/ v
t = time
U,V = Cartesian components of mean velocity
u,v = Cartesian components of velocity fluctuation
U, = friction velocity
X, = reattachment length
x,y = Cartesian body axes
8 = Kroneckerdelta
£ = dissipationrate of k
K = von Kdrmdn constant
v = molecular kinematic viscosity
\ = turbulenteddy viscosity
v = working quantity for v,
o, 6; = model constants

T = turbulent time scale

T = Reynolds stress tensor

® = specific dissipationrate of k

Subscripts

c = centerline or freestream

in =inlet

Superscript

+ = normalized quantity by inner variables

I. Introduction

URBULENCE modeling has long been and will remain one of
the main topics in the turbulence research community. Great
effort has been made to model (appropriately in physics and mathe-
matics) the unknown correlationin the Reynolds-averaged Navier-
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Stokes (RANS) equations. These unknown terms, stemming from
the Reynoldsdecomposition,are usually expressed with constitutive
relations using either the eddy viscosity concept or modeled trans-
port equations. Over the past few years, approaches more advanced
than the RANS modeling have gained increasing popularity with
the rapid development of digital computers, such as direct numer-
ical simulation (DNS) and large eddy simulation (LES). Although
DNS is able to provide desirable details on the turbulence structure
and give accurate simulations,its requirementson computationalre-
sources are still prohibitive at present for solving engineering flow
problems at high Reynolds numbers, whereas LES has attracted
relatively extensive studies and implementations. The physical ra-
tionale behind LES is more plausible than RANS modeling because
the filtered large-scale motion is resolved and the effect of subgrid
scalesis said to be more isotropicand less dependenton flow bound-
aries. Subgrid-scale (SGS) modeling can consequently be expected
to be more universalin physics than RANS modeling. Despite such
advantages, the current LES technique cannot yet be viewed as a
universalapproachto handlingdifferentflows. Furthermore, the grid
resolutionused in LES may be coarser than in DNS but must still be
sufficiently fine for the filtering cutoff to benefit from the inertial-
subrange mechanics in SGS modeling. The numerical solution for
flow problems encountered in engineering applications still needs
to rely largely on the RANS method for the time being.

Of various RANS approaches, two-equationeddy viscosity mod-
els remain the most commonly used: They have often beenregarded
as a favorable compromise between computational accuracy and
efficiency to solve engineering flow problems. Nonetheless, high-
Reynolds-numberRANS models are usually not capable of properly
yielding near-wall resolution where wall damping and viscous ef-
fects become significant. Abandoning the use of wall functions to
patch near-wall regions, a large number of low-Reynolds-number
(LRN) modifications have instead been proposed to different types
of two-equation models, for example, LRN k-¢ models,! LRN k-o
models*? and LRN k-7 models.* Innearly all existing LRN models,
empirical functions have been used to account for near-wall turbu-
lence and often employ local wall distance parameters (e.g., y*, Ry,
etc.) and consequently complicate the computation for flows with
complex geometry. In addition, the wall boundary condition for the
dissipation rate € must either be derived or postulated, introduc-
ing uncertaintiesinto the computations."* Nonetheless, these LRN
models have met with different degrees of success in validations
and practical applications.

For aerodynamic flows, approaches much simpler than two-
equation models, such as algebraic models, have gained histo-
rically notable success in dealing with boundary layers, e.g., the
Baldwin-Lomax model® and the Johnson-King model.® As Spalart
and Allmaras’ pointed out, however, these models treat the whole
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boundary layer as a single, tightly coupled module and show dif-
ficulties in the presence of detached and multiple shear layers. Al-
ternatively, one-equation turbulence models have been employed
for wall-bounded flows; see, for example, Bradshaw et al.,* where
a transport equation for the turbulent kinetic energy is solved in
conjunction with a geometry-related, empirical formulation for the
length scale to determine the eddy viscosity.

Unlike the one-equationmodel, where the eddy viscosity is con-
structed with the aid of an algebraic expression for the length scale,
Baldwin and Barth® proposed a transport equation from which
this constitutive quantity is computed. The eddy viscosity trans-
port equation is derived from the k-& model on the basis of some
assumptions for simplification. This one-equation model turns out
to be attractive for computing wall-bounded aerodynamic flows
without requiring an algebraic formulation for the length scale.
Prompted by the Baldwin-Barth model, Spalart and Allmaras’ de-
veloped an alternative option for the eddy viscosity equation by
means of an empirical approach and through promising calibrations
on two-dimensionalmixing layers, wakes, and boundary layers. The
Spalart-Allmaras model was constructedin a calibrating procedure
by adding additional terms step by step from simple free shear flows
to complicated viscous flows past solid bodies and with laminar re-
gions. Several empirical functions were consequently introduced
into the complete model equation. With equal Prantdl numbers for
the diffusion terms in the modeled k and & equations, Menter!°
transformed these two equations into a transport equation for the
eddy viscosity, where the k-related term was further eliminated by
the use of the Bradshaw assumption® to close the equation sys-
tem. Menter’s model is able to overcome the strong dependency
on freestream values in free-shear layer computations (a weakness
nestled in the Baldwin-Barth model). This model was claimed to
give very similar, or, for boundary-layer flows, improved predic-
tions when compared to its parent k-¢ model from which it has
been transformed, albeit possessing some similar deficiencies.

The aforementioned one-equation models based on the eddy vis-
cosity transport equation have been developed in applications to
aerodynamic flows, where mixing layers, wakes, and boundary lay-
ers are considered to be the basic flow features.” These models have
reached some impressive success in their applications to aerody-
namic flows. Their validity for internal turbulent flows has not been
well calibrated, however. In the Spalart-Allmaras model, moreover,
the determination of wall distance, being involved in the destruc-
tion term and model functions, may complicate the computation of
geometrically complex flows. The other models transformed from
the k- model have been constructed on the basis of some further
assumptions. Until the degree of the generality of such assumptions
is further verified, it is somewhat uncertain whether these models
would perform better than their parent k-& model for complex in-
ternal flows, where the k-& model itself has been in many cases
an awkward approach, motivating one to develop other model vari-
ants. Nevertheless, the development of these models sheds light
on the use of an eddy viscosity transport equation for computing
complex internal flows, where some flow features are in line with
aerodynamic flows, such as boundary layers and flow separation.
A straightforward advantage of using such models is the natural
boundary condition for the eddy viscosity (being zero) both on the
wall surface and in the far field.

This work presents a two-equation model in which a transport
equationis constructed for the eddy viscosity. The turbulent kinetic
energyis also solvedas a supplementalquantityto close the equation
system. Unlike one-equation models, the k equation in the present
model is used mainly to avoid the determination of a length scale
involved in the destruction term for the eddy viscosity. The use of
an additional equation for k is affordable both physically and nu-
merically, compared with the one-equationmodel, in which further
assumptions are often required to eliminate or reformulate k-related
terms. The present model employs only one empirical model func-
tion and does not require any local wall parameters (e.g., y*, Ry,
etc.). Itis, therefore,convenientto apply it to complex turbulent flow
calculations. The model is scrutinized in computations for channel
flow and for flow over a hill mounted on the bottom wall of a plane
channel, as well as for backward-facing step flows. The results are
compared with available experimental and DNS data.

II. Model Formulation

This work considers only incompressible steady flows. The tur-
bulent stress tensor in the time-averaged Navier-Stokes equations,
stemming from the Reynolds decomposition, represents the effect
of fluctuations on the mean motion or, in other words, represents the
ability of turbulence to transport momentum. The linear eddy vis-
cosity model uses the Boussinesqassumption in which the resulting
Reynolds stress tensor, 7;; =—1u;u;, is modeled in alignment with
the mean strain rate tensor through the eddy viscosity concept v;.
This gives

Tij — (@j/3)‘fkk =2VtSij (1

where S;; is the local mean strain rate tensor, reading

s, =1<a_u . ﬂ) o
2\ 0x; 0X;

The closure problem then turns out to be the determinationof v;.
Dimensional reasoning suggeststhat v, oc V,L,, where V; is the tur-
bulentvelocityscaleand L, is the turbulentlengthscale. The velocity
scale is usually represented in terms of the turbulent kinetic energy
with V, oc \/k. The length scale, as in many one-equation models,
may be approximated through an algebraic formulation associated
with the distance to the wall surface. In two-equation models, this
scale is instead constructed by using another transport equation,
which is often an equation for the dissipation rate of turbulent ki-
netic energy €. By definition, an exact equation for € can be derived
from the Navier-Stokes equations. The modeling of this equation
is generally regarded as the most uncertain part in one-point clo-
sures. Other scale-determining quantities, together with &, can also
be used to formulate v;, including, for example, the turbulent time
scale 7 (Ref. 4) and the specific dissipation rate o (Ref. 11). The
exact forms for v and o can be derived from the exactequations for
k and ¢ by transformation

Apart from the two-equation models, one of the earliest one-
equation models based on an eddy viscosity transport equation can
be traced back to the work of Nee and Kovasznay,'> where they as-
sembled a transport equation for the effective viscosity (v, + v).
As in some recently developed one-equation models, the Nee-
Kovasznay model introduces the turbulent length scale into the de-
struction term originating from dimensional reasoning. Zeierman
and Wolfshtein!® derived a transport equation for a turbulent time
scale 7, which is defined from the autocorrelation

1 00
T = E » Rii(x, t; ') dt 3)
1 * ! !
v, <kt = 1 Rii(x, t;¢") dt 4

where R;;(x,t;t) =u;(x, t)u;(x,t —t") is the autocorrelation for
velocity fluctuations and k = % Rii(x, t; 0). This enables the deriva-
tion of an exact equation for the product of k7 (proportional to v;)
from the R;; equation by integration. This exact equation contains
measurableterms although,in the absence of experiments, the mod-
eling work had to rely to a large extent on dimensional arguments.'?
The modeled k7 equationin this case turns out to have a form similar
to the Nee-Kovasznay model, including a generationterm, a decay
term, and a diffusion term, as in other equations for transportable
scalar quantities subjected to the conservation laws. Owing to the
timescale definition, the Zeierman- Wolfshtein model was declared
to be availableonly for stationary and high-Reynolds-numberturbu-
lence, from which the model constants were proposed using some
simple flows without being calibrated in numerical computations
for complex cases. This model was tested by the present authors
for channel flows and was found to be numerically stiff and un-
able to give satisfactory results in its original form. On the other
hand, note that Speziale et al.* modeled the 7 equation from an
exact form derived from the exact k and & equations by transforma-
tion and reported rather encouraging results for handling near-wall
turbulence® '* To achieve an eddy viscosity transport model, we
have thus used the transformation method rather than following
Zeierman and Wolfshtein’s exact k7 equation.
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A. Model Equations

Instead of using the high-Reynolds-number k-¢ model in the
transformation, we start the derivation with the exact k and ¢ equa-
tions because the two are well defined through relevant mechanisms
of turbulent motion. They are written, respectively, as

Dk

E:’Pk—g—Dk+vV2k (5)
De

— =P, -1, —-D, + 2

Dr P- : ;. + vWe (6)

where D/Dt denotes the substantive derivative. The terms on the
right-hand side in Egs. (5) and (6) are, respectively, the production
term, the decay (dissipation) term, the turbulent diffusion term, and
the viscous diffusionterm. The detailed expressions for these terms
can be found in the literature * !> A working quantity is first defined
as ¥, oc k*/e. For convenience, this quantity is termed the eddy
viscosity but should be distinguished from the true eddy viscosity
v, as it appeared in Eq. (1). The exact equation for ¥, can be derived
from the following relation:

Dy, 2% Dk (% De o
Dt k Dt k] Dt

Inserting Egs. (5) and (6) into Eq. (7) and replacing ¢ in terms of &
and V; yields

2 2
DV, _ 2y _ E _ _ E
E‘[Tpk (k)P:| [2" (J“}

2%, %\’ _
- |:7Dk - (E) Dg:| - [Dv - VVZVt] (8)

In Eq. (8), the terms in square brackets on the right-hand side rep-
resent, subsequently, the production, the destruction, the turbulent
diffusion, and the viscous diffusion. A part of the viscous diffusion
D, takes the form of

- N2
p, = (L2 % )
R, \ k ox; 0x;
where the turbulentReynoldsnumberhasbeendefinedas R, =,/ v.
By the definition of ¥,, where ¥, is expressed in terms of k and &,

some modeling approaches from the k-& model may be borrowed
to model the ¥, equation. The production term P, is modeled as

e oU; k oU;
,Pg =CF—I"—I =C/‘—l"—l 10
SRS a7, o (10)
The destruction term I, takes the form of
I, = Cy(&’/ k) =C£:2(k3| T’tz) )

The turbulent diffusion for ¥; in Eq. (8) will not, however, be for-
mulated by the substitution of the modeled D, and D, terms from
the k-& model. It is instead modeled by the gradient-diffusionhy-
pothesis in a form analogous to its viscous counterpart. This yields

o1, 0%, v, 0%, ok
! 0x; 0x; "k 0x; 0x;
2
v, ok ok 0 v, 0V,
—os(2) 22 s (i (12)
k axl axl axl Cftaxj

Inspecting the viscous diffusion D, in Eq. (9), it is obvious that
this term becomes negligible for high-Reynolds-numberturbulence,
where V, >> v, that is, where R, >>1. Even in the vicinity of a
solid wall (in the viscous sublayer), this viscous diffusion part may

become negligibly small owing to the small difference between
[(3:/k)(0k/dx;)] and (8V,/0x;). We are then willing to drop D,
from the modeled ¥, equation for simplicity. Variable V; is viewed
as a transportable turbulent quantity. It is transported by the turbu-
lent motion as reflected in the second-orderdiffusion term (the last
term) in Eq. (12), where the true eddy viscosity v, was used.

Using Eqgs. (10-12) in Eq. (8), the modeled v, equation conse-
quently takes the following form:

DV v, oU; 0 oV
b} =C1&r,.,——C2k+— v 22
Dt k 7 ox; 0x; o ) 0x;

v, o,

= 3
0x; 0x;

v, oV, ok %\ ok ok
C’zkax, 0x; Cr3<k) 0x; 0xX; (13)
where C with different subscripts are model coefficients whose val-
ues are given in the next subsection.

The modeling assumption leading to Eq. (13) is in part asymp-
totically inconsistent as a solid wall is approached. The modeled
destructionterm I, in Eq. (11), for example, has not followed the
analysis as in the derivation of LRN k-& models, where an empiri-
cal function, f, =O(y?) as y— 0, has often been multiplied to C,,
so that I, oc y°, Note that the modeled ¥, equation (13) yields an
asymptotic relation of ¥, ocy as y — 0. Such a linear limiting be-
havior was also argued to hold in the Baldwin-Barth model® and
the Spalart- Allmaras model.” The balance of ¥, on the wall surface
is then established with the involvement of the viscous diffusion
and the cross-diffusion terms. This will be further shown in the
computation of channel flow.

We want to make the model appropriate to simulating wall-
bounded flows when directly integrating it towards the wall sur-
face. It is then necessary to assure a correct eddy viscosity v; in the
vicinity of the wall surface, which requires that v, ocy* as y — 0.
Instead of introducing empirical functions into the model equation
to account for viscous and wall damping effects, this is achieved
by directly modifying v, itself in the viscous sublayer through a
damping function f,,. In a way similar to that used in some previous
one-equation models,”- %10 the true corrected eddy viscosity v; is
then calculated from

Vi = fui (14)

Retaining the linear asymptotic behavior for ¥, close to the wall sur-
face, we should then have f,, oc y? as y — 0. This empirical function
has been devised pragmatically as

fu =[1 = e ®P[1 - 0.9e~ k165 (15)

To close the system of the governing equations, it is necessary to
determine the turbulent kinetic energy k appearing in the V; equa-
tion. One way to achieve this is to use the Bradshaw assumption
as done in Menter’s one-equation model.!° This will consequently
introduce the von Kédrmén length scale into Eq. (13) to eliminate the
k-related terms, making the equation system very complicated and
numerically stiff. On the other hand, it is desirable for the model
to be applicable for computing complex internal flows, where the
availability of the Bradshaw relation® is not well calibrated. More-
over, in many practicalapplications, the solution of turbulentkinetic
energy is useful, for example, for estimating the draught risk in a
ventilation flow system. We have, therefore, abandoned the forma-
tion of a one-equationmodel and kept the turbulence kinetic energy
as a supplemental quantity leading to a two-equation closure. As
in other RANS models based on the k equation, this equation is
readily modeled by replacing the dissipation term with a relation of
& =Cyk?/v,. It reads

Dk oU; k2 0 v \ ok
_— =Tij__ck,_,_+_ v+ — |— (16)
Dt 0x; v 0x; o ] ox;

J J

Note that the dissipation and diffusion terms modeled in Eq. (16)
are not appropriately subjected to near-wall asymptotic require-
ments. This will render these modeled terms inconsistent with their
exact counterpartsin the vicinity of a wall surface, yielding a linear
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near-wall asymptotic behavior for k. The balance of the k equa-
tion will consequently be retained in a way somewhat similar to
that of Wilcox’s k- model, where the dissipation and diffusion
of k approach zero on the wall surface.!'® A remedy to this flaw is
to multiply a damping function to C; to force the dissipation term
to be asymptotically proportional to y° as the wall is approached.
However, without there being any significant consequences in the
prediction for the mean flow, it is not necessary to constructa model
more sophisticated than the present one. This is due to the k equa-
tion being a supplemental one in the present two-equation model,
and the true v, not being directly formulated in terms of £ and an-
other scale-determining quantity (e.g., € or ) as in other types of
two-equation models. As argued, the near-wall limiting behavior of
v, has been corrected through the damping function f,. The tur-
bulent shear stress will consequently possess a correct near-wall
asymptotic property, as desired.

The model coefficients raised in the k£ and ¥, equations are estab-
lished in the following subsection.

B. Model Constants

The present model contains eight constants that must be deter-
mined for numerical implementation. Some of the constants may
be established by manipulation of the coefficients from the cor-
responding terms in the k-& model during the transformation, as
showninEgs. (10) and (11). If welet v, =C,, k*/ ¢, as with the high-
Reynolds-numberk-¢ model, it will yield C;, =C,,, C; =(2 - C,)
and C2 =C#(2 - ng).

Note that the ¥, equation has a physical mechanism of describ-
ing turbulence transport that is different from the scale-determining
equation in other two-equation models, such as the € equation and
the w equation. Instead, its physical rationaleis similar to that of the
k equation. Both the quantities of k and v, represent the turbulence
level, whereas ¥, is also able to indicate the ability of a turbulent flow
to transport momentum. It is, thus, expected that these two equa-
tions will have closely corresponding behavior in describing fully
developed turbulence. It is desirable and possible to calibrate the
model constants using some classical arguments within the context
of two-equation turbulence models.

We consider first decaying, isotropic turbulence. Experiments
suggest that the turbulentkinetic energy decays with time following
a relation of k ~ =7 with p~ 1.2-1.3. The k and ¥, equations in
this case become

dk ——C k2 17
a -~ Ty, a7
dv,

— =—-C-k 18
& ) (18)

The asymptotic solution for k obtained from Egs. (17) and (18)
is k ~ t=C/(Cx =€) This implies that C;/(C; — C,) = p. Using the
experimental observation gives

C,/Cy =(p—1)/p =0.167 — 0.23 (19)

The model coefficient, on the other hand, should render the model
a solution consistent with the law of the wall for a local-equilibrium
boundarylayerin the absence of a pressure gradient.In the log layer,
the eddy viscosity v, equals xu.y. This suggests
- KU,y
v =—— (20)
" futki— )

where « is the von Kdrmén constant and x =0.41. Together with
Eq. (20), it is an easy matter to verify that the model possesses the
following solution in the log layer, namely,

dU U, u?
s A . L S @21
dy  xy V Juri— o) Ci

As it is defined, V; should approach the true eddy viscosity when
the flow is fully developed turbulence. That is, ¥ — v; as R, — ..
The model function f, [see Eq. (15)] has been devised in such a
way that f,(r — ) =1 to meet this condition. In accordance with

experimentalmeasurements, >/ k ~ 0.3. This gives C; =0.09 from
Eq. (21). To make the modeled ¥, equation satisfy the log law, in
addition, the following relation must hold true:

C, =G,/ C, — il 6/C + € k2l /G, (22)

The preceding arguments have imposed some guidelines on the
establishment of the model coefficients that we have followed to
assure the model of correct behavior for some simple fundamental
turbulentflows as consideredearlier. The coefficients have been fur-
ther calibrated and optimized in numerical simulations for complex
flows. Their values are established as follows:

C, =0.09, C, =04,

C, =0018, C, =12

C, =1.17, C,; =0, o =12, o =12 (23)

Equations (13-16), together with the model constantsin Eq. (23),
form the presenttwo-equation model. Note that an € equationcan be
obtained by a transformation using the present k and ¥; equations.
The transformed & equation will consequently give model constants
C, =1.6 and C,; =1.8 for the production term and the destruc-
tion term, respectively, compared with C,; =1.44 and C., =1.92
in the conventional k-& model. Owing to the diffusion operator,
in addition, the resultant & equation includes extra cross-diffusion
terms that are similar to those in Yoshizawa’s model derived from
the two-scale direct-interactionapproximation.!” The role played by
such cross-diffusionterms was investigatedby Yoon and Chung'® in
computations of compressionramp flows. It was claimed that these
terms are able to improve the prediction of skin friction for such
nonequlibrium flows.

III. Numerical Results

Four cases are considered in this section to validate the present
two-equation model. These include a channel flow, a channel flow
over a two-dimensional hill mounted on the bottom wall, and two
backward-facing step flows at a low and a high Reynolds number.
The numerical results are compared with experimental and DNS
data.

The model equations were numerically approximated using the
finite volume method. The convective derivatives were discretized
by the third-order upwind biased differencing scheme QUICK, and
the central differencing scheme was used for other terms. The SIM-
PLEC algorithm was used to deal with the velocity-pressure cou-
pling. The boundary-fitted coordinate system was employed, and
the grid system was nonstaggered.” For all of the flow cases con-
sidered, the grid used was nonuniform with clustered nodes near
the wall to resolve the sharp gradient. The grid resolution was care-
fully investigated to confirm grid-independentsolutions. The solu-
tion convergence was ascertained until the normalized residual for
all of the computed variables dropped below the level of 107*.

The present model renders a natural condition for ¥; at the wall.
The boundary conditionsfor the mean velocitiesand turbulentquan-
tities are all zero on the wall surface, thatis, U =V =k =V, =0.
The boundary condition at the inlet section is prescribed according
to the experimental data or DNS data. For cases in which inflow
data are not available for some quantities, estimated or precalcu-
lated profiles are used as stated hereafter. Neumann conditionshave
been employed at the outlet for all cases.

A. Channel Flow

Fully developed turbulent channel flows are attractive for model
validation because they have self-similar solutions that do not de-
pendon the inletand initial conditionsas the flow is fully developed.
On the other hand, the effect of the wall on turbulent shear flow is
present, requiring justified representation in the model to account
for near-wall turbulent transport. In this work, computations are
carried out for a two-dimensional fully developed channel flow at
Re, =3.95 X 107, for which DNS data are available 2’

Figure 1 shows the distributions of the computed mean velocity,
turbulent kinetic energy, and turbulent shear stress. In Fig. 1a, U,
is the centerline velocity. The results are compared with the DNS
data and with the results obtained from the Abe et al. LRN k-¢
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Fig.1 Predictions for channel flow at Re, =3.95 X 102.

model?' (hereafter the AKN model). Both models yield predictions
for the mean velocity and turbulent shear stress that are in satisfac-
tory agreement with the DNS data. In comparison with the DNS
data and the prediction reproduced by the present model, the AKN
model underpredicts the near-wall peak of turbulentkinetic energy
by about 15%.

The eddy viscosity in the present model has been computed
through a transportequation. It is desirable to compare this quantity
with the DNS result. The DNS eddy viscosity is calculated here
from v;png =—uVv/(0U/0y). In Fig. 2a, the distribution of the eddy
viscosity computed from the model is compared with the DNS re-
sultin a log-log plot. The model replicates the asymptotic behavior
of v, that is identical to the DNS data, suggesting that the slope
of the near-wall curve for (v;/v) in the log-log plot is 3, that is,
v, ocy3. In Fig. 2b, the budget for the k equation is illustrated in
comparison with the DNS data. As can be seen, both the dissipation
term and the diffusion term in the viscous sublayer possess a dif-
ferent tendency from the correspondingDNS profiles and approach
zero on the wall surface. The productionterm, by contrast, fits very
well with the DNS result all of the way to the wall. Away from the
viscous sublayer, all of the terms in the budget are in reasonable
agreement with the DNS data. The near-wall behavior nestled in
the present k equation is somewhat similar to that in the standard
k- model'® but renders a generally better prediction for the turbu-
lent kinetic energy away from the wall. As a whole, the dissipation
term, ¢ =Ck*/¥;, in the k equation is proportionalto y' as y — 0,
entailing no singularity problem in numerical implementation. On
the other hand, note that the asymptotic behavior of this term can
be corrected by modifying model coefficient C;, through an addi-
tional empirical function f;. As mentioned, however, the turbulent
kinetic energy in the present two-equation model is a supplemental
quantity to the ¥; equation. Now that the asymptotic property for the
true eddy viscosity v, is assured, as shown in Fig. 2a, no significant
consequence should be caused in the mean flow computation using
this model.

The near-wall modeling approach adopted in the present k equa-
tion will consequently give rise to asymptotic behavior of k ocy
as y— 0, although a correct prediction of k beyond y* =10 is

10°
Y -2
2108
I
107 ]
-6
10 :
10° 10’ 10°
+
a) Y
0.3
-
[
a0
"g 0/\_ \.\,A” VTR __;.A;.,t;,_.h_.;‘h‘g._A_...A...,A\—.A,_A
_r_;; SN ”’_;AA yon oo
e A S o 9 0-070"
—0.1} . AAiooog’o',,
30000 v
00000 Tl
-0.2
0 10 20 30 40 50
+

b) Y

Fig.2 Channel flow computation with the present model: a) near-wall
distribution of the true eddy viscosity vy and b) budget of the k equation
in which the lines represent the model predictions and the symbols are
the DNS data: o, production; <, dissipation; and A, diffusion.
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Fig.3 Channel flow computation with the present model: a) near-wall
distributionsof —%v* and k* and b) budget of the, equation in which
1 is the production, 2 is the destruction, 3 is the second-order diffusion,
and 4 is the total cross diffusion; (T, + T}2).

obtained. This is illustrated in Fig. 3a. Also shown in this log-log
plotis the near-walldistributionfor —uv*, which displaysan asymp-
totically correct property, —uv oc y3, in the viscous sublayer. Figure
3b plots the budget of the V; equation. Consistent with the near-wall
behaviorof ¥, ocy, the two first-order diffusion terms, multiplied by
constants C,; and C,, in Eq. (13) and denoted hereafter as cross-
diffusion terms 7, and T,,, respectively, are proportional to y° as
y— 0. Itis shown that the balance on the wall surfaceis established
by the viscous diffusion and the cross-diffusion terms (7}, + 7,,),
whereas the productionterm and the destructionterm approachzero.
Note that the last cross-diffusionterm in Eq. (13) is excluded by set-
ting C,3 =0. Also note that, near the wall, the cross-diffusionterms
are of opposite signs and |T,.,| + |T,,| > T, + T,,.

The reasonable prediction of v; and —uV in the near-wall region
suggests thatthe viscous and wall damping effects on the mean flow
have been appropriately accounted for. It indicates the appropriate-
ness of the present model as integrated over the near-wall region.
However, reasonable caution should be exercised in a priori testing
of the model using DNS data because of the inconsistent near-wall
behavior of k. As noted, to achieve a precise k distribution in the
viscous sublayer, an empirical function must be used to modify the
dissipation term in the k equation, which may resort to a priori
testing using DNS data.

B. Channel Flow over a Two-Dimensional Hill

This case concerns the flow over a single hill mounted on the
bottom wall of a plane channel. The maximum height of the hill
is h =28 mm, and the length is 108 mm. The ratio between the
hill height and the channel height H is 6.07. The Reynolds number
based on & and the upstream central line velocity is 6 X 10*. The
experiment was carried out by Almeida et al.?> A recirculationzone
is present on the lee slope, extending from about 0.43% to 4.82h
downstream of the hill summit. The measurement was made in the
vertical center plane of the tunnel, which is 200 mm wide (compared
to the height of 170 mm). Some deviations from the two dimension-

ality of this flow in this plane cannot be ruled out, even though this
has been assumed in the calculation.

The computational domain covers a length of about 3.6/ up-
stream and 184 downstream of the hill summit. A boundary-fitted,
structured mesh with 130 X 100 cells is used for the flow resolu-
tion. The grid is stretched in the near-wall region, generally giving
y* < 1 forthe first node close to the wall surface. To confirm the grid
independence of the reported results, a calculation was carried out
with a doubled grid (260 X 200 cells). The variation between the re-
sults obtained using the two grids was virtually identical, disclosing
grid-independentsolutions.

The inflow conditions are adopted from the measurement data.
However, the ¥ distribution is not available from the experi-
ms:/r}t.z;l;his has been estimated through an approximation: &, =
C. "k, "/L and L =(xy-ly)/(ky+1y) with Iy =H/4, and
Viin =Ckki2n/8m, where y is the closest distance to the walls. Note
that the predicted distributions are found to be rather insensitive to
the choice of I, which may, however, cause a slight variation in
the reattachmentlength X, . A changefromly =H/4toly =H/10
may alter X, by about 6%.

Figure 4a shows the geometry and the grid used. The streamline
contour computed by the present model is illustrated in Fig. 4b. The
reattachment lengths predicted by the AKN model and the present
model are nearly the same, with a value of (4.85 — 4.9)h, which is
very close to the experimental observation.

This flow was a test case during a European Research Community
on Flow, Turbulence and Combustion/International Association for
Hydraulic Research (ERCOFTAC/IAHR ) workshop,” where more
than 30 groups of results were compared using various RANS ap-
proaches including the standard k-& model with wall functions,
LRN and RNG k-¢ and k-® models and Reynolds stress models.
It was noted that entirely satisfactory agreement with experiments
couldnot be achieved with any model used at that workshop. For the
mean flow quantities, even the more complex models did not show
better performance than the simpler linear eddy viscosity models.

Figure 5 shows the distributions of U, V, k, and —uv at four
different positions downstream of the hill summit, x/h =1.0714,
3.214,4.786, and 6.607.

The models give somewhat similar results for this case. In com-
parison with the experimental data, the present model reproduces

z/h
a) Geometry and grid

6

T

b) Streamline contour
Fig.4 Channel flow over a hill.
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slightly better distributions for the mean streamwise velocity than
does the AKN model near the bottom wall where the hill is mounted
(see Fig. 5a). Both models underpredictthe peaks for k and —uv in
the recirculationbubble, showing an underestimation of turbulence
intensity in this region. These peaks, however, tend to gradually
approach the experimental profile downstream of the reattachment
point. Also underpredictedis the vertical velocity V at and after the
reattachmentpoint, where the mean streamwise velocity also shows
too slow a recovery as compared to the measured profile, particu-
larly with the AKN model. The flow inside the separation bubble is
characterized by strongly anisotropic turbulence. The inaccurately
predicted turbulence level in this region may largely be attributed to
the models used which, by their linear nature, are unable to appro-
priately respond to strong anisotropy. Moreover, the slow-recovery
problem downstream of the massive separation generally exists for
separating and reattaching flows at high Reynolds numbers when
using linear eddy viscosity models and even some stress models,
as pointed out in some previous studies.!?->*:23 This phenomenon
also exists in the backward-facing step flow computations at high
Reynolds numbers, as shown in the next subsection. The under-
prediction of the near-wall peaks for £ and —uv as reported here
was also generally seen in the RANS models used at the ERCOF-
TAC/IAHR workshop. The present model is able to give similar or
improved predictions as compared with the results presentedin that
workshop.?

C. Backward-Facing Step Flow

The flow over a backward-facing step has commonly been used
in the validationof turbulence models, on which the nonequilibrium
effectis calibratedin the presence of adverse pressure gradient and
flow separation. The model is applied to two backward-facing step
flows in this subsection. These include the flow by Le et al 2% (here-

after the LMK case), who carried out a direct numerical simulation,
and the flow experimentally studied by Driver and Seegmiller’’
(hereafter the DS case). The computations were performed on a
grid containing 192 X 182 cells for the LMK case and a 205 X212
grid for the DS case. Substantial grid refinement near the step and
wall surfaces has been made to reproduce near-wall resolutions.
The inlet section profiles were taken from the DNS data for the
LMK case and from the measurements for the DS case. The inflow
eddy viscosity was computed for both cases from ¥, =Cikin/&n
and g, =P, =—uv(oU/dy) at the inlet section.

In the LMK case, the Reynolds number Re, based on the step
height & and the freestream velocity U, is 5.1 X 10°, and the ex-
pansion ratio is 1.2. The upstream Reynolds number based on the
momentum thickness is Rey =6.7 X 10?, and the boundary-layer
thickness is 8§ =1.2A. The numerical domain covers 104 upstream
and 30h downstream of the step. In Fig. 6, the model predictions
are compared with the DNS data at six positions (x/ 2 =0 located
at the step). Both the present model and the AKN model yield gen-
erally reasonable predictions as compared with the DNS profiles.
They predict nearly identical distributions for the mean streamwise
velocity, with the exception that the AKN model predicts slightly
smaller magnitudes near the bottom wall inside the separation bub-
ble (Fig. 6a). After the reattachment point, the streamwise velocity
recoversproperlyto aboundary-layerprofile, as desired. The present
model is able to give better predictions for the turbulent kinetic en-
ergy than the AKN model downstream of the step, but it slightly un-
derpredicts the turbulentshear stress. In addition, this model shows
a somewhat better response in the curved spreading shear layer
in the prediction of the turbulent quantities than does the AKN
model.

With regards to the reattachment length, the DNS gives
X, =6.28h downstream of the step. The AKN model underpredicts
this value by about 10%, giving X, =5.65h, and the present model
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predicts X, =6.22h. The distributionof the skin-frictioncoefficient
C along the bottom wall is shown in Fig. 6d. The C, value given
by the presentmodel first drops and then recovers to a flat level sim-
ilar to the DNS value after a distance of about 54 from the inflow
section. This is due to the inflow specification for the eddy visco-
sity V;, which does not appropriately match the model equations to
reproduce the upstream boundary-layer profile as obtained in the
DNS. This should not cause any effects in the prediction, however,
because the boundary-layervelocity profile has been well recovered
at a distance of (4-5)h upstream of the step, as seen from the velo-
city distribution at x/ h =—3 in Fig. 6a. Figure 6d also shows that
both models return too intensive a backflow inside the recircula-
tion bubble approaching the step wall. This consequently squeezes
the secondary corner bubble below the step. The underestimation
of the secondary corner bubble is a phenomenon encountered in
computations even with higher-orderRANS closures 2328

The DS case allows a test of the modelin a high-Reynolds-number
configuration. The Reynolds number, defined as in the LMK case,
is Re =3.75 X 10*, and the expansionratio is 1.125. Measurements
were made using laser velocimetry. Upstream of the step, the wall
boundary-layer thickness is 6 =1.5h, and the Reynolds number
based on the momentum thickness is Rey =5 X 10°. The numer-
ical domain for this case covers a length of 44 upstream and 40k
downstream of the step.

The model predictions are given in Fig. 7 in comparison with
the experimental data. Both the present model and the AKN model
reasonably reproduce the mean streamwise velocity in the recircu-
lation region but severely fail to recover the boundary-layer pro-
file downstream of the reattachment location (Fig. 7a). The same
experience has been reported in computations using other RANS
models.”-?® The prediction for the turbulent kinetic energy and
shear stress agrees reasonably well with the experimental data ex-

ceptin a narrow region inside the separationbubble (at x/ # =4 and
6, respectively), where the peaks of k and —uv are underpredicted
and move up from the region near the bottom wall (Figs. 7b and 7¢).
Similar results for this flow were also reported when using other
RANS models.>** Moreover, note that the present model yields
somewhat better predictions for k and —uV in the spreading shear
layer above the recirculation bubble, as is also illustrated for the
LMK case.

The experiment observed a reattachment length of X, =6.26A
downstream of the step. The AKN model predicts a value of about
6.12h, which agrees well with the measured data. The present model
overpredictsthis quantity by about 9%, giving X, =6.85. The skin-
friction coefficient along the bottom wall is underpredicted by the
presentmodel after the reattachment, whereas the AKN model over-
predicts this quantity in a narrow range in the recovery region. Note
thatthis quantity predictedby the AKN model is broughtto the same
level as that arrived at by the present model in the recovery region
after about x/ & =30 from the step. Moreover, the overpredictedC ,
(negative values) in the separation bubble indicates that the models
have overestimated the backflow and stretched the secondary corner
bubble so that the negative dip of the computed C starts too close
to the step.

One of the main purposes of this work is to show the performance
of a two-equationmodel when coupling an eddy-viscosity transport
equation with the turbulent kinetic energy equation. In general, this
model shows a satisfactory capability for dealing with near-wall
turbulence transport. On the other hand, some inaccurate behavior
was also found in predicting backward-facing step flows at differ-
ent Reynolds numbers. The apparent difference in this case is the
predictions of the reattachment length and the recovery region. At
a low Reynolds number (e.g., for the LMK case) reasonableresults
can be obtained. Applied to the flow at a high Reynolds number
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(e.g., the DS case), the model somewhat overestimates the size
of the separation bubble, and the streamwise velocity recovers too
slowly to a boundary-layer profile downstream of the reattachment
point. Similar phenomena were also identified in previous studies
using Reynolds stress models and other RANS models.>*2%-30 The
velocity-recoveryproblem does not seem to stem from the near-wall
treatment. Instead, it may be caused by the RANS modeling frame.

With no loss of the accuracy in the channel flow prediction, effort
has been made to observe the influence of the model coefficients
on the separated flow computations. It was found that the constants
for the two cross-diffusion terms in the v, equation (i.e., C,; and
C,,) have little effect on the results, provided that the difference
between these terms remains at a certain level. Constants C; and
C,, however, may trigger a significant influence on the predictions.
An increase in C; or decrease in C, will reduce the reattachment
length and vice versa. The value of C, possesses a narrow range for
tuning if we are willing to keep the limitation imposed by Eq. (19)
for computing isotropic turbulence decay. Using C, =0.018 and in-
creasing C; from 0.4 to about 0.45 may render a reattachmentlength
that fits well with the measured data in the DS flow computation but
underpredicts this quantity by more than 15% for the LMK case.
Such a tuning gives no significant improvement in the mean flow
prediction for the DS case, except that the velocity in the recovery
region becomes slightly closer to the measured profiles because the
downstream recovery starts earlier in this case. On the other hand,
the turbulentquantities,k and —uv, deviate more from the measure-
ments and become larger than the results reported here, particularly
in the spreading shear layer. For the LMK case, the tuning may im-
prove the predictions for k£ and —uV in spite of the underprediction
of the reattachment length. Nonetheless, the negative backflow ve-
locity inside the separationbubbleis underpredictednear the bottom
wall (although the velocity profiles downstream of the reattachment
point are reproduced well).

IV. Conclusions

This work presented a linear two-equation model for turbulent
flow computations. Instead of constructing the eddy viscosity from
the scale-determining turbulent quantities, a transport equation for
the eddy viscosity is proposed. This equation is modeled on the ba-
sis of an exact form transformed from the exact k and € equations.
As in nearly all existing two-equation closures, the turbulent ki-
netic energy equationis also solved in this two-equationmodel, but
functions only as a supplemental quantity to eliminate the k-related
terms in the eddy-viscosity transport equation to close the equation
system. The model allows the integrationof the equation to the wall
surface, requiring neither wall functions as a bridge to patch the
near-wall region nor wall distance parameters in the model coeffi-
cients.

The model was applied to fully developed channel flow, chan-
nel flow with a hill mounted on the bottom wall, and backward-
facing step flow. The predictions were compared with the DNS and
experimentaldata, showing generally reasonableperformance. With
arelatively simple equationsystem and only one empirical damping
function free of wall parameters, the present model shows a very
good capability for near-wall treatment in dealing with wall damp-
ing and viscous effects on the mean flow. This model appears to be
a worthwhile alternative approach to other high-Reynolds-number
and LRN eddy-viscositymodels when computing complex turbulent
flows where the near-wall region is of importance in the simulation.

Being a linear eddy-viscosity model, on the other hand, it is
unavoidable for the proposed model to retain some common de-
ficiencies stemming from Boussinesq’s assumption generally exist-
ing in other two-equation models. It is well known that the linear
gradient-diffusionhypothesis is not universally applicable for sep-
arating and reattaching flows with strong anisotropy. The use of
such a hypothesis is practically simple but may render undesirable
disadvantages as compared with some nonlinear and higher-order



PENG AND DAVIDSON 1205

RANS approaches. Nonetheless, the main purpose here is to present
an alternative two-equation model and to validate its performance
for computing nonequilibrium flows. The work has shown that this
model is capable of yielding similar or better predictions as com-
pared with other existing two-equation models, while having some
advantages, as mentioned, such as the natural boundary condition
at the wall and in the far field for v, and wall-distance free model
coefficients. Further work will be carried out to enhance the present
linear model to a nonlinear form for simulating turbulent flows with
strong anisotropy.
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